Abstract. We show that an almost Hermitian manifold (M, g) of real dimension 4n which is strongly asymptotic to H 2n and satisfies a certain scalar curvature bound must be isometric to the complex hyperbolic space. Assuming Kähler instead of almost Hermitian this gives the already known rigidity result by H. Boualem and M.
Introduction
Scalar curvature rigidity of hyperbolic spaces is a frequently studied problem (cf. [11, 1, 6, 3, 10, 9] ). M. Herzlich showed in [6] that a strongly asymptotically complex hyperbolic Kähler spin manifold (M 2m , g) of odd complex dimension m and with scalar curvature scal ≥ −4m(m + 1) must be isometric to the complex hyperbolic space H m . In [3] H. Boualem and M. Herzlich gave the corresponding result in the even complex dimensional case, but because of a different representation theory, the spin assumption has to be replaced by another topological condition. In [9] we generalized the odd complex dimensional case in the way that we only assumed almost Hermitian instead of Kähler. In particular, we proved that a complete almost Hermitian spin manifold (M, g, J) of odd complex dimension m which is strongly asymptotically complex hyperbolic and satisfies the scalar curvature bound scal ≥ −4m(m + 1) + 6 √ 2m|∇J| must be Kähler and isometric to the complex hyperbolic space. In this paper we consider the case of even complex dimension m. In order to do so, the spin assumption is replaced by the existence of an appropriate complex line bundle which is the associated line bundle of a chosen spin c structure. Since an almost Hermitian manifold (M, g, J) is already spin c (cf. as well as B R (q) ⊂ M is the set of all p ∈ M with geodesic distance to q less than R. Let (M 2m , g, J) be an almost Hermitian manifold, i.e. g is a Riemannian metric and J is a g-compatible almost complex structure. (M, g, J) is said to be strongly asymptotically complex hyperbolic if there is a compact manifold C ⊂ M and a diffeomorphism f : E := M − C → H m − B R (0) in such a way that the positive definite gauge transformation A ∈ Γ(End(T M |E )) given by
(1) A is uniformly bounded.
(2) Suppose r is the f * g 0 -distance to a fixed point, ∇ 0 is the Levi-Civita connection for f * g 0 and J 0 is the complex structure of H m pulled back to E, then (for some ǫ > 0) 
[Ω = g(., J.)] and the scalar curvature satisfies
In this case c 1 and c 2 are constants depending on the complex dimension:
in particular c 1 , c 2 ≈ 2 for large m. Throughout this paper Ω = g(., J.) always denotes the 2-form associated to J, d * is formal L 2 -adjoint of the exterior derivative d and
. . , e 2m is an orthonormal base, we define
In particular, we can estimate
Moreover, using the facts |Dη| ≤ j |∇ e j η| ≤ √ 2m|∇η| as well as |D c η| ≤ √ 2m|∇η| for all η ∈ Γ(Λ * M ) we get
In complex dimension m = 2, the constant c 2 in inequality (2) can be improved by setting c 2 := 2(3 − √ 3). Furthermore, condition (1) can be replaced (in all dimensions) by one of the following asymptotic assumptions on g:
Note that (ii) together with the asymptotic assumptions imply (i), and (i) together with inequality (2) yield (1). Moreover, assuming that Ω is a symplectic form (i.e. dΩ = 0), leads to a much simpler statement of the previous theorem. Combining the methods in this paper and in [9] yield a non-spin version of the result in [9] . The proof in the complex even dimensional case is much more technical than in the odd dimensional case. We have to modify the ordinary Killing structure in order to show a suitable Bochner-Weitzenböck formula which is necessary to use the non-compact Bochner technique. 
will be called the the curvature 2-form associated to ∇ c (for the moment ∇ c is an arbitrary spin c connection, but in order to show the main theorem we will consider the canonical spin c connection induced by the choice of the connection on the complex line bundle λ). Let (g, J) be Kähler and consider the connection ∇ 0 := ∇ c + A with
Therefore,
leads to the following proposition:
is a simply connected Kähler manifold of constant holomorphic sectional curvature κ and complex dimension m, then ∇ 0 is a flat connection on the subbundle 
Thus, we conclude the claim from γ(Ω) = i j (m − 2j)π j .
Integrated Bochner-Weitzenböck formula
In order to show the main theorem, we need a suitable integrated BochnerWeitzenböck formula. In the case of even complex dimension m it is not possible to show a useful Bochner-Weitzenböck formula for the Killing structure A introduced above. However, a minor modification of the Killing structure yields the correct formula. Suppose (M, g, J) is almost Hermitian of even complex dimension m = 2n, n ≥ 1. We define V := S / c n−1 ⊕S / c n , its projection pr V := π n−1 + π n and
with (note that π n−2 = 0 if n < 2) 
Proof. Using the facts (γ(
This leads to
The second claim follows from the facts (9) 
Moreover, a straightforward calculation shows
for all ϕ, ψ ∈ Γ(S / c M ). Therefore, the Lichnerowicz formula (4) and the fact (previous lemma, T * = −T )
yields the claim with
Use π j γ(X)π j−1 = γ(X 1,0 )π j−1 and π j γ(X)π j+1 = γ(X 0,1 )π j+1 as well as (9) and X 1,0 · X 1,0 = X 0,1 · X 0,1 = 0 to compute Proof. If η is a two form, the operator norm of γ(η) on S / c M can be estimated by |η| |γ(η)| ≤ |η|.
Using the last lemma we obtain
Therefore, we have to find an estimate for δT + D / T . A straightforward calculation shows as well as
j ∇ e j π n + e 0,1
Thus, we have to estimate ∇ X π r . We conclude from π n−k γ(Ω) = 2kiπ n−k
as well as from γ(Ω)π n−k = 2kiπ n−k
Using the facts π r (∇ X π r )π r = 0 for all r and 2ki − γ(Ω) = j =n−k c j π j with |c j | ≥ 2, |∇ X π r | can be estimated by
leads to
if π n−k (φ) = 0, and
if φ ∈ S / n−k . In this case we used π n−k+1 (e 1,0 j · ∇ e j π n−k )π n−k = 0 and the fact that (2k − 2)i− γ(Ω) has absolute minimal eigenvalue 2 on S / ⊥ n−k+1 . The same procedure yields
for all r. Thus, we obtain
and 
is an isomorphism of Hilbert spaces.
Proof. First we show that
are isomorphism of Hilbert spaces if the scalar curvature inequality (11) is satisfied. D / ± is bounded on W 1,2 , i.e. the symmetric bilinear form
is well defined and bounded on W 1,2 . Let φ be a section in S / c M with compact support in M , then using the Lichnerowicz formula (4) and inequality (11) leads to Proof. We follow a proof given in [6] . Clifford multiplication of two forms supplies a representation 
This implies ker(λ) = {0} if 0 < r < m. That γ |su can not be injective on S 0 or S m follows immediately from dim S 0 = dim S m = 1. In order to see the second claim in the case r = 0, m we use again the irreducibility of ad : su(m) → End(su(m)). The image of γ |su(m) is isomorphic (as Lie algebras) to su(m). Thus, considering the adjoint transformation ad : Im(γ |su ) → End(Im(γ |su )) yields ad(f ) = 0 for all f ∈ Im(γ |su ) − {0} (otherwise ad is reducible). In particular, if i · Id is contained in Im(γ |su ), ad(i · Id) = 0 leads to a contradiction.
and thus, the asymptotic assumptions supply
(|ψ 0 | 2 0 can be estimated by ce 2r , |ν| = 1). Using proposition 4 gives a spinor
. Moreover, the selfadjointness of the boundary operator ∇ ν + ν · D / together with (12) implies as usual lim inf r→∞ ∂Mr
for a non-degenerate exhaustion {M r } of M (cf. [1] ). Since inequality (2) gives R ≥ 0, we conclude from the integrated Bochner-Weitzenböck formula:
that ϕ is parallel w.r.t. ∇. Furthermore, ϕ has to be a section of
Because ∇ 0 is a flat connection in V 0 , V is trivialized by spinors parallel w.r.t. ∇. In particular, ∇ c X preserves sections of V which implies that pr V is parallel w.r.t. ∇ c = ∇. The complex spinor bundle admits an orthogonal and parallel decomposition S / c M = (S / c M ) + ⊕ (S / c M ) − induced from the volume form. If π + as well as π − denote the orthogonal projections of this decomposition, π n−1 is given by pr V • π + if n is odd and given by pr V • π − if n is even. Therefore, π n−1 as well as π n = pr V −π n−1 have to be parallel and the Killing structure A = T • pr V is also parallel w.r.t. ∇ c . Moreover, the integrated Bochner-Weitzenböck formula implies R(ϕ) = 0 for all ϕ ∈ Γ(V), in particular δT = D / T = 0 on V supply 0 = scal 4 ϕ + i 2 ω · ϕ + (m + 2)(m − 1)π n−1 ϕ + m(m + 1)π n ϕ for all ϕ ∈ V. Thus, lemma 5 and ω ∈ Λ 1,1 M yield scal = −4m(m + 1) and ω = −2Ω. Therefore, R = 0 on V, ∇ c T = 0 as well as equations (5), (6) Consider the Bochner-Weitzenböck formula on Λ 2 M : 
